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Radiation reaction in the Kerr gravitational field

D V Gal'tsov
Faculty of Physics, Moscow State University, Moscow 117234, USSR

Received 9 September 1981, in final form 27 July 1982

Abstract. The radiative Green functions for the massless scalar, electromagnetic and
gravitational perturbations of the Kerr space-time are constructed using the Teukolsky
formalism. The reaction force acting upon a test particle, which can emit radiation of any
spin s =0, 1, 2, is calculated and shown to account correctly for the energy and the angular
momentum carried away by radiation to infinity and to the event horizon. The azimuthal
component of the reaction force is found to remain finite for a particle at rest in the
Boyer-Lindquist coordinates owing to non-zero angular momentum transfer to the rotating
hole. This anomalous static force of radiation reaction emerges as the counteraction to
Hawking’s tidal friction.

1. Introduction

Despite the recent progress in treating the back action of gravitational radiation in
the weak-field slow-motion approximation of general relativity (GR) (Misner et al
1973), the problem of radiation damping in GR still remains the subject of discussion
{Ehlers 1980). The explicit proof of the equality between the energy carried away
by gravitational radiation and the work produced by the radiation reaction force is
so far known only for the weak-field limit. However, the powerful technique for
solving the perturbation equations in the Kerr metric (Teukolsky 1973, Chrzanowski
1975, Chandrasekhar 1978) provides the possibility of studying this question for a
strong background gravitational field also.

In the present paper the method of factorised Green functions initiated by
Chrzanowski and Misner (1974) and Chrzanowski (1975) is developed further and it
is shown in particular that the retarded factorised Green functions are real for any
spin. Using this property we then construct the radiative Green functions in a form
suitable for studying the energy and angular momentum balance between the particle
and radiation field. The total conservation of these quantities is proved for all spins.

The explicit expressions for the reaction force due to scalar, electromagnetic or
gravitational radiation obtained are then analysed in the slow-motion limit. It is found
that the azimuthal component of the radiative force remains non-zero for a particle
at rest with respect to the locally static frame when any physical radiation is absent.
This force is due to the non-zero angular momentum transfer from the static external
source of non-axisymmetric perturbations to the rotating black hole (Hawking and
Hartle 1972). Thus the static radiation reaction in the Kerr metric plays the role of
the counteraction to Hawking’s tidal friction. It should be noted that earlier attempts
to calculate the force acting on a static source using the retarded Green functions are
not self-consistent, since in such an approach mass renormalisation is required.
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3738 D V Gal’tsov

The existence of the anomalous static radiation reaction in the Kerr metric is also
discussed briefly in the context of the equivalence principle.

2. The factorised Green functions and spin-weight reflection symmetry

In this section we develop further the concept of the factorised Green functions
(Chrzanowski 1975) with particular attention to their symmetry properties. First we
reformulate the theory in terms of Hermitian conjugate projectors (for a general
discussion see Wald 1978). Then the symmetry relations under reflection of the spin
weight are studied and it is proved that the retarded factorised Green functions are
real for all spins.

The following notation for the Newman-Penrose (NP) quantities . is used: oip = ¢
is the scalar (real) massless field; ;¢ =F,,/*m" and _,¢ =z'2Fwn'1 “n" are the elec-
tromagnetic perturbations; 2ty = —C,, . /“m*I"m™ and _,¢ = —2’4Cuvxfrz “m'ntm" are
the tetrad projections of the perturbed Weil tensor (z = r +ia cos 8, a is the parameter
of rotation, I, n, m and m form the Kinnersley tetrad, the Boyer-Lindquist coordinates
are understood and the signature of the metric is + ———). The units G=c =1 are
used throughout, and a bar denotes complex conjugation.

The perturbations ( are subject to the Teukolsky equation

O =4av—g,T (2.1)

where ([ is the Teukolsky (1973) wave operator, which is real for s =0 (being the
covariant D’Alembertian up to the factor ~/—g and complex for s # 0. Let the tensor
quantity ;J mean (q/u) TrT for s =0 (T is the energy-momentum tensor, q is the
scalar charge and u is the mass of a test particle), ed for s = =1 (J is the electromagnetic
four-current) and T for s = +2. Then the source term in (2.1) can be written in the
operator form

T=7-J (2.2)
with

oT =1

1= 272 (@ozm - W25 1)2? 7= 27227 (JAD oM + W2 Loz n) 03

= T VAL T D+ Doz 2 T2 )2 1@ M A mB))
~ L5 NN -2D07* Dozn®m]

T = —z'~42_1[%\/§A(@i12'4z‘2$_1 +& 7))
XZ(N@M+mON)+£_17°%,7En®n
+3A%270, 797 MR m)
A=r*—2Mr+a* S=z5=r+a’cos’ 9

where a dot means a contraction over tensor indices, the operators %, and @, are
defined as

&, =0 —(i/sin 6) 8, —ia sin 6 3, +s cot @
D, =06, +[(r*+a?/Ala,+(a/A) 8, +2n[(r—M)/A]

and the symbol + corresponds to the change 3, > —d,, 8, » —4,.

(2.4)
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The variables in (2.1) separate into terms of the spin-weighted spheroidal harmonics
ZA(8, ¢)=:SA(0) ™, {A}={w, [, m}

& =; RAFZAG, @) e (2.5)

where 3, denotes the integral over w and the summation over [ <|s| and m, |m|<1.
When all quantities are expanded in harmonics mw, the symbol + will correspond to
the operation {m, w}={-m, ~w}, e.g. Zr = Z|-m-o For Z, the usual normalisation
is assumed, and the phase is chosen so that

=(-1)'P_Z, Za=(-10"_Z3 (2.6)

where P is the operator of space inversion, Pf(6, ¢)=f(m — 6, 7 + ¢) (in the following
the cumulative label A will often be omltted for brevity).

With the definitions dr*=[(r>+a?)/Aldr, Ryx=A""*(r>+a’)""?u, for the
homogeneous case the equation for the radial functions becomes

du/dr¥* + V=0 2.7

where the effective potential satisfies ;V = _V. Taking the asymptotic form of the
potential
w(w +2is/r) r¥-o00
V= M (2.8)
R R Ke=1- ls;r;Mh )

where k =w —mw., w.=a/2Mr. is the rotation velocity of the horizon and r. =
M+M*—a)H'"?, we parametrise the two independent radial solutions as

uin ‘wi—l/Z(rZ e—iwr*+0_sr—s eiwr*) r*_)w
=a _ _ ikr*
s H Ikl I/ZTSA s/2e ik r*_>_w
12 s i (2.9)
awl 1/2 s elwr r*_) 0
up
u- = Bs - wk ikr - —ikr*
s |k} 1/2I ki( As/2 kr* VSA S/2e ik ) r*__)_w.
The notation ‘in’ and up’ follows that of Chrzanowski (1975). His complex conjugate
solutions ' = _i™ and ™" = _i1"*® will also be used.

The complex coefficients «,, B, o, T, us and v, are subject to numerous relations,
which can be divided into two groups. The first consists of the Wronskian relations.
Equating ihe asymptotic values of W(u™, "), W(_a", «"") and W(_ 4™, u'™)
one gets

ps=x;lrs! v =—kK; G F, (2.10)
and the ‘unitarity’ condition

- wk _
OO +——KTT_s=1. (2.11)
|wk|

The other connections follow from the relations of Teukolski and Press (1974) for
radial solutions with a different sign for s,

sUsRA=—sRA, (212)
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when the operators of spin—weight inversion ;U are given explicitly by
U =2B"'9} WU =3AB7'25°A

_ (2.13)
LU=4C7'9} LU =3AC 954 A

with

B =(F*+4my—4y%)'"?

C ={B[(F-2)’+36y(m —v)]+48y(2F —1)2y —m)— 144y*}'"* + 12iMw
F=SE+72—2m-y y =aw

and where (E is the angular eigenvalue. We impose the conditions (2.12) on the
independent ‘in’ and ‘up’ solutions; the corresponding relations for ‘out’ and ‘down’

radial functions will be fixed by their definitions. Using the asymptotic relation valid
as r¥*->00

DU T = (—4) QM k) Ik (ki) TIAT e (2.14)
the following relations can be obtained:

B_s = 2Sw ZS(Q-‘S‘)_SBS a_ = 2'3Sw—25(0\s\)sas
2ls| (2.13)

-y =Qw)*|Qi| ¥o, 5 = (ﬁ) (k-1k1) "k Tl (s #0)
where Qo=1, Q,=—-B and Q,=C"?. The remaining free parameters in (2.9) will
be chosen later to provide the desired form of the Green functions.

With these preliminaries completed we now turn to the construction of the fac-
torised retarded Green functions. Denote by (P the field perturbations ;P = ¢, ..P=A
(the electromagnetic four-potential) and .,P=h (h,, is the metric perturbation),
positive and negative signs of s corresponding to the outgoing and ingoing gauges in
the notation of Chrzanowski (1975). According to conjecture of the factorised Green
functions any field perturbation ;P may be computed via the formula

Pl = [ 160 1) - I Vg ' (2.16)
where the retarded Green function has the factorised form
G, 1) = T 6, — (D (x) ® A ()8 (r — ')
Ap \w\
+ X @A (xNO(r — 1)) (2.17)

where §, is some normalisation constant and p = +1 is the helicity index. The crucial
point of the theory is the determination of the expansion modes ;m,,. Their explicit
form was found by Chrzanowski (1975) via integration by parts in (2.16) and sub-
sequent comparison of the resulting o with those obtained from the Teukolski
equation. A simpler way consists in using the Hermitian conjugate projectors (a
similar idea was suggested by Wald (1978)).

Define the scalar product of two tensor-valued functions ¢(x) and ¢(x) of equal
rank as

(¢,¢)Ej B(x) - (x )W gd'x (2.18)
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where the dot means the contraction over the tensor indices. For every tensor operator
M taking the n-index field ¢ into the k-index field My the Hermitian conjugate M*
(labelled with an asterisk to avoid confusion with the + introduced previously) will
be defined through the relation

(e, My) = (M*e, ). (2.19)

M* acts on the space of k-index tensors taking them into n-index ones. Clearly, the
scalar operators of multiplication, such as z, will be transformed to their complex
conjugate, e.g. z*=2. The usual rule (AB)*=B*A* also holds. The Hermitian
conjugates to the operators %, and &, are

Fr=-3¢L 3 2i=-37"'9.,3 (2.20)

Now we introduce the mode projectors 7, which are just the ;v given previously
(2.3) with 9, replaced by —iw and 3, by im. By the definition (2.3) the operators (T,m
act in the space of s-rank tensors ;J taking them into scalars. So the Hermitian
conjugates (7, act on the space of scalar functions taking them into tensors of rank
s. These operators are just what is needed to contract the modes 4, out of the
scalar expansion modes, the proposed expression being

s"Ap =Ip—sT:|;m—sZ;\sRA e*iwr (2.21)

where I, =1+pP and p==zx1 is the helicity projector. Using equations (2.3) and
the conjugation rules (2.20) one can verify explicitly that the proposed modes coincide
up to numerical factors with the modes given by Chrzanowsk1 (1975), the factor 6
in (2.17) being given by §, =2°~ "\)\m, Ao=1,A;==1, A, =-13.

Once the field perturbations ;P are found, the reconstruction of the NP quantities
s =M (P is greatly facilitated by use of the following representation for the projec-
tors (M.

M =250r%) " =358 (Lr®)

LM =1L L (1% = 1A A e
M=1D0r*) =1L L LTS (o)

M =L Lol Lr(o7*) T = A DT A e %) !

where the inverse operators are defined by (;v%) - “(,7*)=1. Note that every NP
scalar i can be obtained through equations (2.22) in two different ways corresponding
to the outgoing and ingoing gauges. The following relations appear to be important
for establishing that both gauges actually give the same result:

Y (camap )= (40Q) T X (map - D) (2.23)
P

p

(2.22)

T hm Za= ()P Z. (2.24)

Combining equations (2.16), (2.17), (2.21) and (2.22) we return to the expansion (2.5)
with some numerical factor. For consistency the relation

aB, =2 2(Q) Q! (2.25)

has to be imposed. Now all the coefficients are determined except for an overall
normalisation constant. For later convenience the following choice is suitable:

oy = 23/2(\s\+s)—1ws(lel)—(ﬁ\s\)/z B, = 23/2151—1/2s—1w—s(élsl)(s—\swz. (2.26)



3742 D V Gal’tsov

With such a normalisation all the homogeneous radial solutions (‘in’, ‘up’, ‘out’ and
‘down’) satisfy

Rr=(-1’R,\. (2.27)

Now we are able to prove that the retarded factorised Green functions so defined are
real for all s. Indeed, using the relations (2.23) and (2.26) one can show that in terms
of the quantities

sf‘\ = —ST::)M—SS.'\SRA (2'28)

the Green functions (2.17) may be presented as

G (x, x) =4 Re ¥ 18, — explim (¢ — ") —iw(t—1)]

Ap 1‘“'

X (FPO @A XNO =)+, 2 (x) @ IO — 1)), (2.30)

3. Radiative Green functions

To calculate the radiation reaction force upon the point test particle the radiative
Green functions are needed; these can be written, with account for the reality of the
retarded ones, as

G, 1) = 3(,G™(x, x) = G (x, x')) = 3(,G™'(x, x') = ,G(x, x)). 3.1
Using the representation (2.17) one gets

ra ' l55 N —tw(t—t
sG d(-x, X ) = z I——w— (Ip—sfjjm (X)_SZ(G, w))@(IpfsT:tm (x')st(G', (P’)) € =)

Ap 2’“"
X [((R*(r);R(2") + R (1) R™(r")(r -1
+((R™(MRI(r") + RO ()R (rNE(r = r)]. (3.2)

Define the ‘denormalised’ radial functions as ;v** = 8, " and 0™ = a; '™ Accord-
ing to the asymptotic formulae (2.9) they are connected by the relations

R LT I
0% = 5" = k1T (wk/|wk]) (0P +F_0™). (3.3)
From here, with account for the relation
K_sT_sTs = KsTsT s (3.4)

following from the last of equations (2.15), we get the connection formulae for the
spin-reflected radial functions of ‘out’ and ‘down’ types:

SUSR out(down) = & —sﬁ——s (asBs)_-l—sR out(down). (3 . 5)

For further transformations we write down with the aid of equations (3.3) the following
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quadratic combination:

—0 ()0 () + B P(r)s P ()5 ()

= (wk/Ika (k —sT-s7-'s)_l[(sﬁin r) —0s-sU in(r))_svin(r;>

+ (0™ () — gD (1)) D (], (3.6)
On the other hand
B -0 P(r) = (k=mo ) 0™ (1) = o () () = Ge 0™ (). (3.7

Eliminating from equations (3.6) and (3.7) the terms proportional to ;& )0 (r") and
_0(r)_v"(r") and using the ‘unitarity’ condition (2.11) we obtain

_0"P(r) -0 (1) + B (D () = B ) -0 ™ () + ke o (wk [ |k )5 () - 0 ().
(3.8)

Note that the left-hand side of this relation is invariant under combined complex
conjugation and spin-weight reflection s<>-—s, while on the right-hand side the
arguments » and ' will be interchanged. Consequently, the right-hand side of (3.8)
has to be symmetric in r and r'. Taking this into account and using equations (2.26),
(3.4) and (3.5), we transform the radiative Green function (3.2) to

ra ’ 16 §— ou — ou ' k p own = down '
sG d(x, X ) =\z |wST 2 1(577 Apt (-’c)(@sﬂ'/\pt (X )+ |Zki KsTsT—»sﬂ'fi\p (x)®sﬂ(/j\p (x)’ ))
Ap

(3.9)

Note that the radiative Green function does not have a factorised form in contrast to
the case of flat space-time. The existence of the second term in (3.9) is due to the
absorption of radiation at the event horizon of the Kerr metric. The possibility of a
negative sign for the second term is related to the superradiance phenomenon.

4. Equations of motion and the conservation laws in radiative processes

Within the linearised theory adopted, all types of radiation may be considered indepen-
dently. First we write the equations of motion for a test particle, interacting with the

scalar field o =¢, the interaction constant being g. In accordance with the wave
equations (2.1) we have

D
O (e +qy(z(m)]u, = 20
-

ax* 4.1

x=z(1)

where u,, =g, dz"/dr is the covariant four-velocity and D/dr = 4™V, is the covariant

derivative along the world line of the particle z*(r). For the electric charge one can
write

Du, (04, , dA,

dr
The motion of the neutral particle taking correct account of its gravitational field can
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be put into a form similar to (4.1):

ohy,  » d
- g 4.
U Rt (4.3)

“ 3 (1-3hutu Nu, = %
In all three cases the left-hand sides of the equations of motion are just the covariant
derivatives of the covariant canonical four-momentum p, with respect to the back-
ground metric. The right-hand sides of equations (4.1)-(4.3) describe the action of
the proper fields on the particle, in all three cases being of the same structure. So
after the renormalisation on mass, similar to that in the case of electrodynamics, we
obtain equations of motion of the same form with only the radiative part of the proper
fields present on the right-hand sides. Discarding the total derivative terms on the
right-hand sides of equations (4.2) and (4.3), which do not contribute to the irreversible
losses due to radiation, we can write the equations of motion taking account of the
radiative reaction in the unified form

Dp,/dr =dp,/dr —ip*u” ogs,/ox* =, f2° (4.4)

where the radiative forces are given by

of 2% =q 3™/ ax* (4.5)
fid =eu” 8AT Jox* (4.6)
oS =duuut ohT fox ", 4.7)

Since the Kerr metric g,, does not depend on the coordinates ¢ and ¢, equations
(4.4) for w =i, {i} ={¢, ¢} ={0, 3} are simplified to

dpi/d7 = fi*. (4.8)

In the absence of the radiative force these equations express the conservation of
energy and angular momentum of a particle in the Kerr space-time. Consider now
the energy and angular momentum radiative losses for a large proper time interval
(=T, T), T » o (for periodic motion it can be easily renormalised to unit time):

o

& =—(-1) J'_ (dp;/dr) dr = —(—1)"j Sf2ddr i=0,3 (4.9

where the integral is taken along the world line of a particle. The radiative fields may
be computed via the formula

P = J- {G™(x, x) + W —g(x') ', (4.10)
the source terms for different s being

Jx) = j 89, z(r))(~g) " dr H(r)

4.11)
oH =q H" =eu* HY = putu®

where the § function is normalised according to

J 8W(x, x"yd*' = 1. (4.12)
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Using the radiative Green functions (3.9) we obtain the following universal expression
for the radiative losses valid in all three cases of scalar (s = 0), electromagnetic (s = 1)
or gravitational (s = +2) radiation:

wk

E =T Jwlom/w) 2227 (%, D +rimit
Ap lwk|

[ 3 SJ)F). (4.13)

The scalar products in this formula are defined according to equation (2.18). With
the aid of equations (2.23) and (2.24) one can prove that the right-hand side of (4.13)
does not depend on the sign of s, i.e. both the ingoing and outgoing gauges give the
same result. Note that in the original formulation by Chrzanowski (1975) different
gauges were used for ingoing and outgoing radiation.

Two terms in equation (4.13) are easily identified with the energy and angular
momentum losses carried away by the radiation fields to infinity and to the horizon
respectively. Indeed, using the expressions for radiation fluxes in the NP formalism
(Teukolsky and Press 1974) and applying the retarded Green function (2.17), for the
desired quantities at infinity we get

EE =L 2 lim/w) *{(m Sy, D 4.14)
Ap
and at the horizon of the black hole

8 =Y 273 e e Fisiw (m/ @) P /IR DI i is™, D). (4.15)
Ap

Comparing equations (4.14) and (4.15) with (4.13) we have
&= 87 +.8], (4.15)

i.e. the radiation losses computed locally as a result of the radiation reaction are
actually identical with the corresponding quantities associated with the radiation fields
in two wave zones at infinity and at the horizon of a hole. The analogous theorem
can be proved in the case of periodic motion for the quantities per unit time.

5. Slow-motion approximation

Suppose that the particle motion is slow enough for the frequency of radiation to be
small compared with the inverse mass of a hole, wM « 1. Under this condition, aw « 1
and the angular functions become the spin-weighted spherical harmonics Y}, The

radial functions of ‘in’ type are also known (Starobinski and Churilov 1973), with our
normalisation being

R =gk 227 (M?—a?) 7 (2Mr, )TV 0
X(x +1)TCF (=l -5, -5 +1; 1 -5 +2iQ; —x)

(5.1)
Q=kMr./(M-r.) x=(r—-r)/2(r.—M)

where F is the hypergeometric function. The ‘up’ solution may be written in terms
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of the hypergeometric function of the argument 1/x as follows

Rup_M_uzgﬁ Bs (I=s)! TU+142iQ) _i_i+i0
T lwk| kers 2Mr.)' % 21+ 1)! T(=s+2iQ)
x(1+x) 7 CF(—s+1,1+1-2iQ; 2/ +2;~1/x). (5.2)

Matching (5.1) and (5.2) with the confluent hypergeometric function solutions valid
at large x leads to the following values for the barrier coefficients:

LM 1ser U=9)! (U+5)! TU+1+2iQ)

_ 1/242s 2_ 2 Y
re=lk/w 727 (M -a®) 2o 2 201 QI+ T(1—s+2iQ)
| {5.3)
as=(—1)“‘5"(11/)‘“(1\42—a%%ﬁj—f,‘ v=2w(r.—M)

where [ is the gamma function.

Using these expressions the radiative Green functions can be constructed explicitly
and the radiation reaction forces can be found. The resulting formulae, however, are
too cumbersome and we shall give them only for the large-distance limit r »M. In
this case the radiative Green functions have the explicit form

ra ' iasz_s s+20+ +2s5+ 12 ni—s
G7x, x )=§m[24 2 P =) P ()
Ap .

1B <4(M2—a2))l”_1 1 <2iQ-—s) [ +1+2iQ)( +s)! 2]
AMr. .k (iv)** rr' k_ \21Q +5 Tis +2iQ)
X (I, 1% (x)=sZ (6, @) R Uy T (x) - Z (6", ")) e e, (5.4)

For small w the { series in (5.4) are rapidly convergent, the leading term being / = s|.
The following formulae are obtained taking only the leading terms in both ‘out’ and
‘down’ contributions in (5.3) into account. For simplicity the case of circular motion
with radius r and angular velocity () in the equatorial plane § = 37 is considered.

5.1. Scalar radiation

Under the conditions wM « 1, r » M the non-zero components of the radiative force
are
a 2M’r,
of 2 =%q2<r293+—/4—(0—w*)> (5.5)

of 2 = —Qofe. (5.6)

The first term in (5.5) corresponds to radiation going to infinity and the second to
radiation absorbed by a hole (scattered and amplified when (} <w.). Note that the
first term falls more rapidly with decreasing (), and for sufficiently small angular
velocity of the particle the second term becomes dominant. In the case = w. the
black hole does not absorb radiation.

5.2. Electromagnetic radiation

Under the same conditions the components of the radiative force are given by equations
(5.5) and (5.6) with g replaced by 2e?, so the same conclusions are valid. In addition,
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the radiative force acting upon a point magnetic dipole g at the same motion has
been computed. At the locally static frame the components of the radiative force for
sufficiently slow motion (‘down’ terms dominating) are

Fr = —2guae Fj = guins Fy=glps+du?) 5
= 3M r¢ w4+ Q)/r .
A rotating moment of the radiative force on a dipole also exists.
5.3. Gravitational radiation
The non-zero components of the radiative force are
rad _ 32 25,4 16 2Mr+
28 =R 205 8 T (- ) (14 307 /M) (5.8)
, \lmd szrad. (59)

Here, as previously, the first term corresponds to gravitational radiation going to
infinity and the second to radiation absorbed by a hole. For geodesic motion the
second term is (M/r)* smaller than the first (for sufficiently small a). In the ultrarela-
tivistic case (geodesic synchrotron radiation) both terms become equal.

6. Static radiation reaction in the Kerr metric and tidal friction

The common feature of expressions (5.5) and (5.6) for the azimuthal component of
radiation reaction forces derived in the case of a circularly moving particle is the
non-zero limiting value when (2 - 0, i.e. for a particle at rest with respect to the locally
static frame. In this limit neither real radiation is present; indeed, the ¢ components
of the reaction force (5.6) and (5.9) tend to zero when Q- 0. For a particle at rest
at the point (r, 8) the azimuthal components of the radiative force in scalar, electro-
magnetic and gravitational cases are (for r » M)

of 24 = ~3aq’M?sin” 6/r* (6.1)

1f2d =~-3ae’M?sin’ ¢/r* (6.2)
M*sin’ 6/  3a’

22 = —Sap* T (14 2 (Ssin® 0 -1). 6.3)

The sign of these expressions corresponds to acceleration of a particle in the
direction of rotation of the black hole. Consequently, the rotation of the hole itself,
by the global conservation of angular momentum, must slow down. This effect is just
the well known tidal friction (Hawking and Hartle 1972). Indeed, one can easily
recognise in equation (6.3) the familiar expression for the rate of angular momentum
loss by the Kerr black hole in the static external field of a point-like source.

The question of back reaction upon the external source of non-axisymmetric
perturbations of the Kerr space-time has been discussed previously (see, e.g.,
Chrzanowski 1976), but the nature of the back force as the radiation damping force
was not established. Chrzanowski (1976) claimed that the force acting upon a source
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of perturbations in the tidal friction problem can be computed using the retarded
potentials. However, in this case the Coulomb-like infinite terms are present and
some regularisation procedure is needed to exclude them. It was actually the part of
the angular momentum absorbed by a hole that was computed in the reference cited
above. As we have seen here, the physical counteracting force to the Hawking tidal
force is just the force of radiation reaction, the azimuthal component of which remains
non-zero even in the absence of real radiation.

From the general point of view the existence of the radiation reaction force in
situations when no radiation takes place might seem paradoxical; in a sense, the
‘inverse’ Born paradox (radiation present, but no reaction force). It should be noted,
however, that in the present situation the static force of radiation reaction does not
work and energy is conserved unlike in the Born case.

7. ‘Violation’ of the equivalence principle

One could consider the existence of the static force of radiation reaction in the Kerr
metric, in addition to the classical renormalisation of mass of a test particle in the
Schwarzschild metric (Frolov and Zel’nikov 1980), as a non-trivial example of effective
‘violation’ of the equivalence principle due to the non-local effects of interaction. Of
course, this does not at all contradict the ‘first principles’ of general relativity: the
radiative effects mean that the particle can no longer be considered as the test one.
From the physical point of view it is interesting, however, to compare the magnitude
of the ‘anomalous’ gravitational force (6.3) and the ‘usual’ gravitational force. For
6 =3 the ratio of the radiative force (6.3) to the Newtonian force appears to be

2frad _§ii M)5< 3;‘2>
fNemn_SMM(r 1+75). (7.1)
Though this formula is strictly valid only for r » M, for a rough estimate one can put
r ~M (corresponding more accurate expressions for the radiative force can be found
using formulae (5.1)-(5.3)). So the maximal ‘violation’ of Newton’s law is of order
wa/M?; the ratio u/M has to be regarded as a small quantity within the linearised
theory used.

For an elementary particle, e.g. a proton, the ratio of the anomalous force (6.2)
to the Newtonian force is

lfrad _z i)z&i M>3
fNewton—3(pr MM(}‘ ' (72)

Putting a ~M ~r for the rough estimate, we shall see that it becomes of the order
of unity for a black hole of mass M ~ 10”up, The question of whether the effects
considered would be significant at the quantum level, in particular, for the picture of
the black hole evaporation should be considered.
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